Evaluation of Real
Integrals



Complex variables

Integrals of sinusoidal functions
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Complex variables
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Complex variables

Some infinite integrals

E; f(x)dx

f(2) has the following properties
(1) f (z) is analyticin the upper half - planeJmz > 0, exceptfor
a finite numberof poles,none of whichis on the real axis.
(2)on a semicirclel” of radiusR, R times the maximumof
| f1on I' tendsto zeroas R — ~ (a sufficientcondition
is that z7f(z) > 0 as | z [— ).

@[ f(dx and [ f(xdx both exist
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forl jr [ (2)dz K 27R X (maximumof | f | onI"), the integralalong I

tends to zeroas R — o,




Complex variables

Ex :Evaluate I = j = dx >3 @ is real
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1 5 1 5 1 i&

setz =ai + £, - 0= —2)~

2 +a®)*  Qaié+EYH (k&) 1%

1 (—4)(=5)(—6) —i 3 ~—5i
the coefficient of £™' is (AN 6)( ) C R

(2a)* 3! 2a 32a’
oo d — 5 10 1 10 5
j 2x24=27d( l7)= 7[7:>I PRe 7[_ 7[7
0 (x* +a”) 32a 32a 2 327 32a



Complex variables

. A
For poles on the real axis: y r
Principal value of the integral, defined as p — 0 L
R _ [%—P R
PLR f(x)dx = J-_R f(x)dx + -[z0+p f(x)dx | 7/’,0.‘
for a closed contour C = L 20
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. 0 :
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If f(z) vanishes faster than 1/ R*asR — oo, the integral is zero



Complex variables

Jordan’s lemma
(1) f (z)is analytic in the upper half - plane except for a finite

number of polesinImz > 0

(2) the maximum of | f(z) |- 0asl z |- ooin the upper half - plane
(3)m > 0, then

Ir = -..1“ e™ f(z)dz — 0as R — o, [is the semicircular contour
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Complex variables

Ex :Find the principal value of = de areal,m > (
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Consider the integral I = § dz = O no pole in the
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Complex variables

Integral of multivalued functions

Multivalued functions such as 7'/ 2 ,Lnz

Single branch point is at the otigin. We let R — oo
and p — 0. The integrand is multivalued, its values
along two lines AB and CD joining z = ptoz = R

are not equal and opposite.

EX:I=I°° b fora > 0

0 (x +a)x!/?

(1) the integrand f(z) = (z + a)_3z_1/2,lzf(z)l —> 0asp > 0and R —

the two circles make no contribution to the contour integral

(2)poleat z = —a,and (-a)'’'? = a'/2e'"'? = jq!/?

1 aq*! .
R(—a) = lim Z+a
() zo—a (3 —1)! dz3_1 4 )

1
(z+a)3z

1/2]



Complex variables
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.[AB dz - .[Fdz T -[DC dz + J‘},dz = ZM( )

and jrdz = (0 and j}/dz =0

along line AB = z = xeio, along lineCD = z = xe'2”
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Complex variables

X sin x

Ex :Evaluate I (o) = j = ﬁdx
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(1) for 1, the contour is choosed on the upper half - plane

due to the term e'*, and only one pole at z = 0.
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Complex variables
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Complex variables
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