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Introduction 
• EM is typically used to compute maximum likelihood 

estimates given incomplete samples. 

 

• The EM algorithm estimates the parameters of a model 
iteratively. 

– Starting from some initial guess, each iteration 
consists of  

• an E step (Expectation step)  

• an M step (Maximization step) 



Applications 
• Discovering the value of latent variables 

• Estimating the parameters of HMMs 

• Estimating parameters of finite mixtures 

• Unsupervised learning of clusters 

• Filling in missing data in samples 

• … 
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If we are given ,  Computable 
The result is in 
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Expectation 
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Expectation: 

Conditional Expectation: 
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Let (i1) be the parameter vector obtained at the 

(i1)th step.  

Define (Conditional Expectation of log likelihood of complete data) 

( 1) ( 1)( , ) [log ( | ) | , ]i iQ E  Z X ΘΘΘΘ L
( 1)

( 1)

log ( , | ) ( | , ) continuous

log ( , | ) ( | , ) discrete

i

i

p p

p p









 


 







y Y

y Y

y dy

y

X y X

X y Θ X

Θ Θ

Θ



Maximization Step 
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Let (i1) be the parameter vector obtained at the 

(i1)th step.  

Define 
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Mixture Models 

• If there is a reason to believe that a data 
set is comprised of several distinct 
populations, a mixture model can be used. 

• It has the following form: 
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Mixture Models 
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Let yi{1,…, M} represents the source that 

generates the data.  



Mixture Models 



M

j

jjj pp
1

)|()|(  xΘx

 

Let yi{1,…, M} represents the source that 

generates the data.  
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Mixture Models 
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Complete-Data Likelihood 
Function 
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The GMM (Guassian Mixture 
Model) 









  )()(

2

1
exp

||)2(

1
),|( 1

2/12/ jj

T

j

j

djjjp μxΣμx
Σ

Σμx


Guassian model of a d-dimensional source, say j : 

GMM with M sources: 
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with l only. 

Correlated 

with l only. 



Finding l  

  


M

l

N

i

g

ilil

g

i

M

l

N

i

l

g lpplpQ
1 11 1

),|()]|(log[),|()log(),( ΘxxΘxΘΘ 

Due to the constraint on l’s, we introduce Lagrange 

Multiplier , and solve the following equation. 

Mllp
M

l

l

g

i

M

l

N

i

l

l

,,1      ,01),|()log(
11 1























 




Θx

Mllp
N

i

g

i

l

,,1      ,0),|(
1

1







Θx

Mllp l

N

i

g

i ,,1      ,0),|(
1




Θx



Finding l  

  


M

l

N

i

g

ilil

g

i

M

l

N

i

l

g lpplpQ
1 11 1

),|()]|(log[),|()log(),( ΘxxΘxΘΘ 

Mllp l

N

i

g

i ,,1      ,0),|(
1




Θx

0),|(
11 1

 
 

M

l

l

M

l

N

i

g

ilp Θx

0),|(
11 1

 
 

M

l

l

N

i

M

l

g

ilp Θx 

 

1 
 

 

N 

 

 

1 

N



Finding l  

  


M

l

N

i

g

ilil

g

i

M

l

N

i

l

g lpplpQ
1 11 1

),|()]|(log[),|()log(),( ΘxxΘxΘΘ 

Mllp l

N

i

g

i ,,1      ,0),|(
1




Θx

N





N

i

g

il lp
N 1

),|(
1

Θx





M

j

g

jj

g

j

g

lil

g

lg

i

p

p
lp

1

)|(

)|(
),|(





x

x
Θx



Finding l  


  


M

l

N

i

g

ilil

g

i

M

l

N

i

l

g lpplpQ
1 11 1

),|()]|(log[),|()log(),( ΘxxΘxΘΘ   

 

 

Only need to maximize 

this term 

Consider GMM 









  )()(

2

1
exp

||)2(

1
),|( 1

2/12/ ll

T

l

l

dlllp μxΣμx
Σ

Σμx


),( lll Σμ

)()(||log2log)],|(log[ 1

2
12/1

2
1

2 ll

T

ll
d

lllp μxΣμxΣΣμx   

 

unrelated 




  


M

l

N

i

g

ilil

g

i

M

l

N

i

l

g lpplpQ
1 11 1

),|()]|(log[),|()log(),( ΘxxΘxΘΘ 
 

 

 

Only need to maximize 

this term 

Therefore, we want to maximize: 

)()(||log2log)],|(log[ 1

2
12/1

2
1

2 ll

T

ll
d

lllp μxΣμxΣΣμx   

 

unrelated 

 
 

 
M

l

N

i

g

ilil

T

lil

g lpQ
1 1

1

2
12/1

2
1 ),|()()(||log),( ΘxμxΣμxΣΘΘ

How? knowledge on matrix algebra is needed. 

http://www.resacorp.com/matrix_algebra.htm


Therefore, we want to maximize: 
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Summary 

EM algorithm for GMM 
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EM Algorithm 
Example: 

Missing Data 



Univariate Normal Sample 
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Exercise 
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365.343938 

243.548664 
382.789939 
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337.289831 
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338.281616 
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528.267783 
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392.684770 
301.910093 
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n = 40 (10 data missing) 

Estimate          using different initial conditions. 2, 


