Maximum-Likelihood and Bayesian
Parameter Estimation (part 2)

Bayesian Estimation

Bayesian Parameter Estimation: Gaussian Case

Bayesian Parameter Estimation: General Estimation



Bayesian Estimation

- The parameter 0 Is a random variable
- Computation of posterior probabillities P(w; | X) lies
at the heart of Bayesian classification
.+ Goal: compute P(w; | X, D)
- Glven the sample D, Bayes formula is written
p(x| @;,D).P(e, | D)
(x| @;,D).P(e;|D)

P(w; |x,D) = c

. C Separate parameter estimation problems p(x|D)



Parameter Distribution

e Although desired pdf p(x) is unknown, we assume
that 1t has a known parametric form.

e Only thing unknown Is the value of parameter

vector theta
p(x|D) = [ p(x,0| D)do

or
p(x| D)= p(x|6)p(¢| D)d&
j -



Bayesian Parameter Estimation:
Univariate Gaussian Case

Assume u is only unknown, o, p, and o, known, ie, o(x| ) ~ N(1,52)

p(u) ~ N(/Jo’O'g)
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We need

p(4|D) ~ N(t,,0,) (2)

nog . c°
Hn = Hn + > -Ho

NyGg +G° nog +o . . . .
) 5 Prior information is combined with the
oy e} iri i i 1
and 62 =27 empirical information in the samples

NGy +6 to obtain the a posteriori density



Bayesian Learning
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Computing p(x | D)

- p(n| D) is computed

+ px

p(x|D)

P

| D) remains

= | p(x| ). p(u|D)du

(X|D) ~ N(u,, 0" +07)

(Desired class-conditional density p(x | D;, o))

Multivariate case is similar: P(X|D) ~ N(x,,2+Z,)



Bayesian Parameter Estimation: General
Theory

p(x | D) computation can be applied to any situation
In which unknown density can be parameterized

Basic assumptions:

- Form of p(x | 0) known, value of 6 not known exactly
- Initial knowledge of 6 in known prior density p(0)

- Rest of knowledge about 6 is contained in a set D of n
random variables x,, X,, ..., X, that follows p(x)



General Bayesian Parameter Estimation

Compute posterior density p(6 | D) then p(x | D) using
p(x| D)= [ p(x|6)p(6] D)dO

Using Bayes formula:

p(D16).p(0)

@|D) = )
PO =T 0010) pie)ad

By independence assumption:

(010)= [T p(x, 10



Recursive Bayes Incremental Learning

e EXxplicitly indicate number of samples in a set for
a given category as D" ={x,,...x,}

e Then from PeIO=TTrx1® we can write

p(D"|0) = p(x,16) p(D"|0)

. P(X,16)-p(@|D"")
POIRI= | p(x,16).p(0|D"*)d6’



Example of Recursive Bayes Learning

e One-dim samples from uniform distribution

0<x<6@

L
p(X | 9) - U (O’ 6) = {0 ‘ otherwise

e Parameter distribution: Uniform over 0 <6< 10
e D={4,72,8}
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Learning the parameter of Uniform
Distribution using Recursive Bayes

e As more points are incorporated

e Bayes has a tail above 8 reflecting prior
Information

(D) |




Three Sources of Error In Classification

e Bayes or Indistinguishability Error

e Due to overlapping densities. Inherent property of
given feature set

e Model Error

e Due to an incorrect model. Can only be eliminated if
designer specifies true model that generated the data.

e Estimation Error
e Parameters are estimated from a finite sample.
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