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*Cauchy’s Integral 
Theorem and 

Formula 



Cauchy’s iŶtegral Theoreŵ 

        We now turn to integration.  

in close analogy to the integral of a real function  

The contour               is divided into n intervals .Let  

with                                for j. Then  
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The right-hand side of the above equation is called the contour (path) integral 

of f(z) 
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As an alternative, the contour may be defined by 

 

 

 

 

 

 

with the path C specified. This reduces the complex integral to the  

Đoŵpleǆ suŵ of real iŶtegrals. It’s soŵeǁhat aŶalogous to the Đase of  
the vector integral. 

 

An important example  
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where C is a circle of radius r>0 around the origin z=0 in the 

direction of counterclockwise. 
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In polar coordinates, we parameterize  

and                           ,    and have  

 

 

 

 

 
which is independent of r.  

Cauchy’s iŶtegral theoreŵ 

–  If a function f(z) is analytical (therefore single-valued) [and its partial 

derivatives are continuous] through some simply connected region R, for 

every closed path C in R, 
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•Multiply connected regions 
The original statement of our theorem demanded a simply connected 

region. This restriction may easily be relaxed by the creation of a  

barrier, a contour line. Consider the multiply connected region of  

Fig.1.6 In which f(z) is not defined for the interior R 
 

 

 

 

 

CauĐhǇ’s iŶtegral theoreŵ is Ŷot ǀalid for the ĐoŶtour C, ďut ǁe ĐaŶ 

construct a C for which the theorem holds. If line segments DE and  

GA arbitrarily close together, then 

 

 

 

                                                                        

1.6  Fig.  
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Cauchy’s IŶtegral Forŵula 

CauĐhǇ’s iŶtegral forŵula:  If f(z) is analytic on and within a closed contour C 

then 

 

 

in which z0 is some point in the interior region bounded by C. Note that  

here z-z0 0 and the integral is well defined. 

 

Although f(z) is assumed analytic, the integrand (f(z)/z-z0) is not 

analytic at z=z0 unless f(z0)=0. If the contour is deformed as in Fig.1.8  

CauĐhǇ’s iŶtegral theoreŵ applies. 
So we have 
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Let                    , here r is small and will eventually be made to 

 approach zero  

 

 

 

   (r0)  

 
Here is a remarkable result. The value of an analytic function is given at 

an interior point at z=z0 once the values on the boundary C are  

specified. 

 

What happens if z0 is exterior to C? 

In this case the entire integral is analytic on and within C, so the  

integral vanishes. 
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Derivatives 

CauĐhǇ’s iŶtegral forŵula ŵaǇ ďe used to oďtaiŶ aŶ eǆpressioŶ for  
the derivation of f(z) 

 

 

 

 

 

Moreover, for the n-th order of derivative 
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We now see that, the requirement that f(z) be 

analytic not only guarantees a first derivative 

but derivatives of all orders as well! The 

derivatives of f(z) are automatically analytic. 

Here, it is worth to indicate that the converse 

of CauĐhǇ’s iŶtegral theoreŵ holds as ǁell  
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  Examples
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