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N=-00

Let z—z,=re’, dz=rie”do,
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= Lﬁc Flz)dz= inz Ar ! e'"’dg
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The Residue Theorem (cont.)

The value a, corresponding to an isolated singular
point z, is called the “residue of f(z) at z;".

[&f z)dz = 2riRes f (z,)
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S, f(z)dz = [ﬂ f (z)dz-Zn:Dln f(2)dz=0
:['1 f(z)dz = ;[]1 f(z)dz

Jl f(z)dz = 27i ) Resf(z,)
= 2z1 x sum of residues enclosed by C




= 27i Y Resf(z,)

= 271 x sum of residues enclosed by C




[[L f(z)dz=0if f(z)analytic (noisolated singularities)inC

il f(2) 4 — 2z f(z,) if f (z)analytic
A=z

(no isolated singularities) in C




Evaluating Residues

e Construct Laurent series about each singularity
Z,, Identify coefficient a_, ,= Res f(z,). Sometimes
this can be a tedious approach.

e For a simple pole at z = z,,

Res f (z,) = lim(z-z,) f(2)

217y

= lim (z—zo)(L+a0 +a1(z—zo)+---j
=2 Z—1,

=a,

[ Res f (z,) = !Lrp(z—zo) f(2) J
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f(z)= has simple polesat z=-2,+1, -1
(2) (z+2)(z° +1) 2o
vy
Res f (-2) = lim -

217
22 (2+2) (2 =
20 o

. . 217 ' 2
ReSf('):IZITM(Hz)(Hi)M: 2+)2% 5

L 27 . Ay o
AR ey, ayTaT ST




1;(Z)=ihas simplepolesat z=nz, n=0, 1, +2, ---

sin z
S
L'Hospital's
: B . 1 n
Res f (nz) = lim(z—nz)x— = lim——=(-1)
yasdivi S|n Z Z—>Nrw COS V4
Alternatively,
: 1 1
Res f(nz) = lim(z—nz)— = lim (z—nx)—
2w sinz 2o sin(z—nz +nrx)
: 1
= lim(z—nx)— _
il sin(z—nxz)cosnz +cos(z—nx)sinnz
: Z—n : 7
= lim ¢z 1) = (-1)" since we already know lim—— —1

z—n7 SiN(Z — Nr) CoS N 250 Sin 7



9(2)/t(2) 9(2)

& eyl

Res ) _ jim(z-2,) 99 _ jim(z-4,) 9@
f (ZO) 22505 f (Z) 757 f (Z) f (ZO)

9(2,) 9(z,)

7 ' g(ZO) _ g(zo)
1@ () [: res 921 ) }
27, (Z_ZO)

' : 2n+1
tanz:w has simple poles at z=( )7[
COS Z
for n=0, £1, £2, ---
(2n+1)z s
= Res tan > = = -1
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m at z =z,

Atthe pole the Laurent series is

f(z2) = Lt +---++a Al ) Al

(Z Zo) (Z_Zo)m_1 (Z_Z )

Hence the following series is a Taylor series about the pole,

(z- Zo)m f(z)= a_p +a—m+1(z i Zo)"‘"'z 7 Zo)m_1 +a0(z o Zo)m v

for which the formula for the coefficent of (z—z,)""is

O a1 100]

1 dm—l
(m-1)tdz™

72—

Res f (z,) = (m finite)

[(z-2,)"(2) ]

7=7,
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1 d™ .
Res f(z,) = 2—2,)" f(z m finite
(2,) D) it 2-%)" (@] _ ( )
0
275 %7
f(z)= - hasapoleof order3at z=-2
(z+2)
1d°| 27°+1
—Resf(-2) = =—| (z+2F ]
2! dz?
2| e
2 s
= id—z 27° +1 | - .
21dz - S 2
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f(z)= _12 has polesoforder2at z=nz, n=0, £1, £2,--

sin® z
bt Y2 Sl oy
dz| sin’(z—nz +nr)

dz| sin?z

Z=Nr Z=Nr

o (z—nr)? - i{ (z—nr)? }
dz| [sin(z —nz) cosnz +cos(z - nz)sinnz | . sin®(z —nr)

letU=2-NT 4 [ ;2 2u(sinzu—U§iﬂﬁcosu)
% dul sinu

A3

i sin”"u =
Lhuspialsnile _2(sinu—ucosu)+2uzsinu}
: 3sin® ucosu U=0
Uhospita's e | 6usinu +2u®cosu
& 33inu(2coszu—sin2u)]
2 u=0

L 6sinu+10ucosu —2u’®sinu —O
3cosu(2cos” u—sin”u)-18sin” ucosu -



1 1 1 1
EZ) = — N ) e e
sin“z  sin“(z—nx +nx) sin“(z—nr) SHY- Ui vaiasp
- 1 - 1
- 3 5 2 - 2 4 2
( o u_...j uztl_u u_...j
3! 5l 3! b5l
Geometric

Series 1 e 0 e an - :
— — T Ao A Al 0% o W
u Sl BT Sl g

2
1 u? 1 56 e fo 2
=il ey e e
u 3% (3 o u: 3!

missing 21 term= Res f(nr)=0
u
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Example:
1
f(z)=e? (isolated essential singularity at z = 0)

. 1 11 i1
L —f g e e
2. 210 7 3\ z

Residue: a_, =1
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Extension for simple poles (going halfway around)

ZO
As 0 — O:
I f(z)dz =-riRes f (z,)
Cs
Proof: z—12,=356e"
a dz rioe”
5[ z—lzo dz =a_1C5 = =a_1_7[ - do=a,(-7i)
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What is the result if the contour goes around the
simple pole on the opposite side?

Hint: The contouré(5 —C, encircles the pole in the
counterclockwise direction so that

Uj f(z)dz=2xiResf(z,)

C5 —Cs

:>I z)dz =i Res f (z,)
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If f(z) has a pole of order n at z = a and no other singularity, f(z) is:

f(z)=

F(2)
(z-a)’

where n is a finite integer, and F(z) is analytic at z = a.

F(z) can be expanded by the Taylor series:

F(2) = F @)+ (2-a)F (a)+ 22

n!

N

)

F@)

F'(a)

(z—a)’

£
=

F™(a)

Diz-a)

The residue at a pole of order n situated at z = a is:

 Dividing throughout by (z-a)"

Theresidueatz =a
coefficient of (z-a)!

1 —

F"*(a)
(n=1)!

’z:a e

l d n-1

(n—1)! dz"*

(z-a)y ()],

IS the
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EvaluateJ' CoS 22 dz around a circle of radius |z| > [a].
iz )
C0S 2z -
- has apole of order 3 at z = a, and the residue Is:
(z—-a)
e @ L § ]
=Dl (n-Ddz™t
2
:ld—2 (z—a)® 008223 = —2c0s2a
2! dz (z_a)
C0S 2z .
I -0z = 271(-2cos2a)
(z-a)




