4 INTERRELATION BETWREN TIME AND FREQUENCY RESPONS:
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state output will also be a sinusoidal of the same frequency with different amplitude and phase which may be
expressed as ) = B sin (aor + @),

Let the transfer functy:

where ai, = natural fn:q:u
Fﬂ:quﬂm-j" PEAPONSE 1 wrmisaimas sives wimasies susiviiss 2 imuamg & wess o in the system transfer
function as

Tljan = aF + 20a, o + o0 oo 713

Mormalizing the driving signal frequency with p = w/ay, , we have

1
= * =
e (1=~ )+ j2C
From Eq. (7.1) we can write the magnitude and phase response as follows:
|

MG = T G (7.3
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(1= ;.r:r
The steady-state output of the system for sinusoidal input of unit magnitude and varable frequency @ is

V) = —— .]. S— #ln[mr—un = -h:ﬂ ]] -..{7.5)
- Jll—p (20 p)? (=pt)
From Eqgs (7.3) and {7.4), we obtain the normalized frequency g,
o= ] o= | Ll = e
M=1and p=10 Me=1720and p=- a2 M-=aOandp—-x
The magnitude and phase plot for normalized frequency g for a cenain value of § is shown in
Fig. 7.1{a) and 7.1 (h).
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The magnitude and phase plot for normalized frequency p for a certain value of £ is shown in
Fig. T.1{a) and 7.1 (b).

Fig. 7.1{a) Magnitude rﬁpmlsrr{xmm.f-nn]'ﬂ Fig. 2a(b) Phose response of @ second-onder system
system for normalized frequency |’ for system for normalized frequency 1
The Irequency for which M has a peak value is known as resonant frequency . At this frequency, the
stope of the magnilude corve is zero,

| M
with 1, = (&, / @, ), defined as the normalized resonant frequency, {:J'_pl g, =0 pives

435 ~dp, +80°p, =0

1= =207




1.e., ! ol 7,00

B
and phase angle @ of M(

LZMijw) = @, ==tan™" | *—""— oA 7.8)

In Chapier 3 for the step response, the maximum overshoot M, and damped frequency of oscillation ay
(with damping ratio 0 < £ < 1) have been found as
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From Eqgs (7.6) and (7.10), we observe that e, and @, are related as follows:

;_;,"

The following observations may be made from equations (7.0}, (7.7). (7.9) and (7.11),
For small values of £, the damped requency ¢, and resonan frequency @, ang nearly equal, and for
large value of @, the time response is faster.
Both M, and M. being functions of £, decrease as {is increased.
As =0, 0 —a . and M, — o

For 0<{< 1/ JZ, ¢ i always bess than e, and resonant peak has a vahse greater than | and for O3> 142,
the magnitude M decreases monotonically from M= | ot g = O with increasing .




« For 0<{<lf B, ¢, 15 always bess than @, and resonant peak has a vahue greater than | and for {> 12,
the magnitude M decreases monotonically from M = | at g = 0 with increasing .

==>for g » 1/4/2 there is no resonant peak and the greaiest value of M equals 1.
Thus, for a second-order system, M, is indicative of its damping factor {

.
for0< (s Ih"E and &, 18 inchcative of 1ts natural frequency for a given value l“r]' :
of €, and hence is indicative of its speed of response (as 1, =4/ (@, ), 10

Therefore, M, and o, of frequency response could be used as performance ¥ .._um_..-
ndices for a second-order system, ; '

t W o
The range of frequency over which M 15 equal to or greater than IJ'\JE is Fig.7a  Bandwidth of o
second-order sysiem

known as bandwidth ay, and at the cutoff frequency @, M = 2.

Bandwidih indicates noise Niliening charactenstics of the sysiem, The expression for bandwadih is obtained
using Eq. (7.1) as follows

Al the normalized bandwidth g1, = /e,

M= == - =
J{I—pﬁ‘rﬂziuh ¥




and afier simplifying it, we obtain

Wy =0, Ji— 257 Fofd =g T4y
Example 7. Let us consider a unity feedback control sysiem as

8l

Gis) = HEE

Evaluate resonance peak and resonant frequency of the closed-loog system.
First of all, caleulaie closed-loop iransfer function of the above system considering
Hiz) =1

Yo 8

X(s) & +8s5+8l
Comparing it with a standard second-order system , we get @, = Y81 =9 and =49,
And using Eqs (1.6} and ( 7.7)

TR T e —

@, = @, il - 20 %) = 7 radfsec

M, =1120J(1-¢%) = 1.26




