Evaluation of Real
Integrals



Complex variables

Integrals of sinusoidal functions
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Complex variables

Some infinite integrals

| °°w f (x)dx

f(z) has the following properties :
(1) f(z) is analytic in the upper half - plane,Im z > 0, except for
a finite number of poles, none of which is on the real axis.
(2)on a semicircle I' of radius R, R times the maximum of
| f|on I' tends to zero as R — o (a sufficient condition
Is that zf(z) > 0 as | z |- ).

@[ f(x)ix and [ #(xdx both exist
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Complex variables
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For poles on the real axis: y 1 I
Principal value of the integral,definedas p — 0 |
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Complex variables

Jordan’s lemma
(1) f(z)isanalyticintheupper half - plane exceptfor afinite

number of polesinlmz > 0
(2) the maximumof | f(z) |» Oas| z [» o intheupper half - plane
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Ir = jreim f(z)dz > 0as R — oo, I"isthesemicircular contour

for0<@0< /2 12sin@/O0@=2nrnl2 f(0), f =20/rn
|lexp(imz)| = |exp(—mR sin )|

Ip < jr|eimZ f(2)||dz| < MRj:e—mRS‘Ww

L f =\sin@
— ZMRI” e—mR S|n0d0
0 >
M is the maximumof |f (z)lon [zl= R, R > oM — 0 w2 0
/2
Ir < 2|\/|Rj” e"R(2017)gg - M (4 _ o-mRy  7M
0 m m

aSR—>o0o=>M ->0=Ir >0



Complex variables

Ex :Findtheprincipal value ofj' %x areal,m>20
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Complex variables

Integral of multivalued functions

Multivalued functionssuch as z}/2, Lnz
Singlebranch pointisat theotigin.We letR — o
and p — 0. Theintegrandismultivalued, its values
alongtwo linesAB and CD joiningz = ptoz = R
are not equal and opposite.
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(1) theintegrand f (z) = (z + a) >z %2, |zf(z)] > Oas p = 0and R —

the two circlesmake no contribution to the contour integral
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Complex variables

jAB dz + jr dz + jDC dz + L dz = 2ﬂi(8;53/i2)

andjrdz =0 and Ldz =0
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Complex variables

As p — 0 and R—)oo:>jrdz_)o
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