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" The Residue Theorem (cont.)

The value a, corresponding to an isolated singular
point z, is called the “residue of f(z) at z,”.

[[L f(z)dz = 2ziRes f(z,)
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=L f(z dz_z[ﬁCf

le z)dz = 27z|ZResf )
= 271 x sum of residues enclosed by C




I f(2)dz = Znizn:Resf(zn)

= 271 x sum of residues enclosed by C




[[L f(z)dz=0if f(z)analytic (noisolated singularities)inC

0 "2 7 — 2 ) f 1 (2)analytic

Z—2,
(no isolated singularities) in C




Res f (z,) = Z'LT(Z—Zo) f(2)

:Iim(z—zo)( = +a0+a1(z—zo)+~-j

717, Z 7
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[ Res f(z,) = lim(z—-z,) f(2) }
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f(z) =Lhas simplepolesat z=nz, n=0, +1, £2, ---

Sin z
s
L'Hospital's
: 1 rule . 1 -
Res f (nz) = lim(z—nz)x— = lim—=(-1)
>Nz SiNn Z Z—->nz COS Z
Alternatively,
: 1 . 1
Res f(nz) = lim(z—nz)— = lim (z—nx) —
2Nz sinz zonr sin(z—nz +nrx)
. 1
= lim (z—nx) — -
2Nz sin(z—nx)cosnz +cos(z—nxz)sinnz
(z—nr)

= lim —
-0z Sin(z —Nnr) cos Nz

_ -
= (-1)" since we already know im |
20 5in Z
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92) _ im(z=2)22) _ jim(z-2,)—9)
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= : = =0 9(z) _ 9(z)
lim 1(z) - 1(z) () L = ReSf(zo) - f'(z,) }
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matz= 1z,

Atthe pole the Laurent series s

)= Lt +---++a +a,(z-2,)+a,(z—2,)° +---

(Z_Zo) (Z_Zo)m_1 (Z_Z )

Hence the following seriesis a Taylor series about the pole,

. i & @ ) +---z e

for which the formula for the coefficent of (z —z,)""is
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[(z-2,)"f(2) ]

(m finite)

7=1,




1 dm—l
(m-1)tdz™*

Res f (z,) = [(z-2,)"f(2) ] (m finite)

=7,

2
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(z+2)°
2 2
— Res f(<2) = %% (r7f 2 ”]
1Qz

T
21dz? -
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f(z)= _12 has polesof order2at z=nz, n=0, £1, £2,---
sin z
= Res f(nr) = i{w} = i{ : 2(2 L }
dzivasing zoao sl sine(z= A s b
- (z-n7) _ i{ (z-nz)’ }
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Example:

1
f(z)=e? (isolated essential singularity at z = 0)

. 1 1(1) 1(1)3
er =1+—+ —
72 3\ z

Residue: a_, =1



Extension for simple poles (going halfway around)

. == o

Ly

As 06— 0:
j f(z)dz=—riRes f(z,)

C5
Proof: z—17,=5€"

a dz rioe” .
i z—lzo dz :a‘liz——zoza‘l;[ o do=a (-7i)
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What is the result if the contour goes around the
simple pole on the opposite side?

Hint. The contour(§5 —C, encircles the pole in the
counterclockwise direction so that

I f(z)dz=27iRes f (z,)

Cs—Cs

:>j z)dz = zi Res f (z,)
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If f(z) has a pole of order n at z = a and no other singularity, f(z) is:

f(z2)—

F(2)
(z—a)’

where n is a finite integer, and F(z) is analytic at z = a.

F(z) can be expanded by the Taylor series:

o) e e & -

a)° F'(a)+.. +(Z na)”

F"(a)+...

¢+ Dividing throughout by (z-a)"

F(a) F'(a)
c 0

f(2)-

F"(a) The residue at z = a is the
(n DIz - a) | coefficient of (z-a)*

The residue at a pole of order n situated at z = a is:

F"*(a) i)

d n-1

(z-a)"t ()],

L™ (- -0 = (n—-1)! dz""
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Evaluatej CoS 22 dz around a circle of radius |z| > |a].
0 a)

S 223 has a pole of order 3 at z = a, and the residue Is:
(z-a)
- Fn—l(a)‘ . 1 dn—l [(Z_a)n f(Z)]
1 (n_l)l Z—a (n—l)' dzn—l s
2
zld_z (z—-a)’ 005223 = —2C0S 2a
21 dz (z=a) |
COS 27 .
j ~dz = 27 (-2cos 2a)
c (z-a)




