MOMENT

-



Continuous Distributions

The Uniform distribution fromato b
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f(X):<
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The Normal distribution
(mean g, standard deviation o)
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The Exponential distribution

e x>0
f(x):{ 0 X<0
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Weibull distribution with parameters « and £.

AW

F{x)=1—je”
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The Gamma distribution

et the continuous random variable X have
density function:

+
a
ﬂ“ a—=1—AX

f (X) =+ F(a)

0 Xx<0

Then X Is said to have a Gamma distribution
with parameters « and A.
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Expectation of functions of
Random Variables
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X Is discrete
E[9(X)]=29(x)p(x)=20(x)p(x)

X 1S continuous

E[9(X)]=,

I
g =8
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Moment generating functions
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Moment Generating function of a R.V. X

( > e*p(x) if X is discrete

my (1) =E[e*]=1 -
X [ :| jetXf(x)dx If X 1S continuous

\—OO
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Examples
1. The Binomial distribution (parameters p, n)

m, (t)= E[etX ] & leetx p(x)

=(a+b) =(e'p+1- p)n

Engineering Mathematics |l



2. The Poisson distribution (parameter A)

p(x):;e‘ﬂ x=0,12,...

The moment generating function of X, my(t) Is:

m, (t):E[etx]:Zetxp(X) :ietx%e—ﬁ
X x—=0 :

—e e wusing e'=)» —

t X
i (ﬂ“e ) T : u u*
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3. The Exponential distribution (parameter A)

f (%)= {ﬂ“e“

0

x>0
X <0

The moment generating function of X, my(t) Is:

m, (t)=E [etx ] = T e™f (x)dx = Tetx/le‘“dx
—o0 0

o0 t—4)x

:I AelAX gy = /Ie( |

A i t—A
L t<A
A—1

‘undefined t=>A4
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4. The Standard Normal distribution (=0, o=1)
f(x)=ne

J2r

The moment generating function of X, my(t) Is:

m, (t)= E[etX]:IOetXf (x)dx

= ];etx F T dx
af i
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We will now use the fact that

2

_[ _Za dx=1 foralla>0.b

| Vora

We have
completed

/. the square

—><

Thisis 1
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4. The Gamma distribution (parameters o, A)

f (X) =3 F(Ot)

0 X <0

The moment generating function of X, my(t) Is:

m, (t)= E[etX ] = j e™ f (x)dx

(94



We use the fact

0

i
It

x* e ™dx=1 forall a>0b>0

Equal to 1
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Properties of
Moment Generating Functions
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1. m(0)=1
m, (t)=E(e™), hence m, (0)=E(e"*)=E(1)=1

Note: the moment generating functions of the following
distributions satisfy the property m,(0) =1

) Binomial Distn m, (t)=(e'p+1- p)n

N —

i) Poisson Distn m, (t)ze}b(et_1

(7

iv) Std Normal Distn m, (t)=e?

iii) Exponential Distn m, (t

v) Gamma Distnh m, (t): Lj
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Hav2 M43 Hy Lk
2. my(t)= 1+;th+2| 3|t +. +k!t HL

We use the expansion of the exponential function:

u2 u3 uk

e =1+u+—+—+

ek —+
21 3! k!
m, (t)zE(etX)

2 t3 k

—E1HX+—xM->@+ +—xk
21 3! k!

t2

E-!E(x2)+

t? t"
=1+tE(X)+ EEHXﬂ+W+EEO@%m.
t* t° t*

=1ty + oty + g el
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dk
3. my(0)= proali (O =u
t=0
ow by o u
3
m, (t)= 1+ﬂlt+22| 3‘;’t +. +k—k!t +...

m;(t)z;ﬁ+&2t+3 BY7 4| [ Akt

2! k!
—ul+y2t+ﬂ3t i +( Aikl)!t“+..
and m; (0) =g,
m (t) = u ﬂ3t+”4t+ +( sz)!t“

continuing we find m;';)inég)gﬁa&@mcs i



Property 3 is very useful in determining the moments of a
random variable X.

i) Binomial Distn m, ():(e D+1- p)
m; (t)=n(e'p+1- p) ( )
m; (0)=n(e’p+1- p) (pe )=np=14=p
my (t) = np[(n—l)(et D+1-— p)n_2 (e'p)e’ +(e'p+1- p)n_1 etj
= npet{e'p+1— p)n_2 :(n—l)(et p)+(e‘p+1- p)]
= npe' (e'p+1- p)n_2 ne‘p+l-p
=np[np+1-p]=np[np+ql=n°p°+npg = 1,

ng Mathefatics 111




ii) Poisson Distn m, (t):ei(et‘l)

m;( (t) is eﬂb(et —1) [iet} i /,Le/l(et —1)+t
m;’< ( t) : /Ie/l(et_l)ﬂ [ St 1} i lzel(et—l)Jth - /Ie/l(et—l)ﬂ
my (t)= A% et 4 2] 26" [ e 41]
= i P P P

l(et —1)+3t

= 22 B | gp2e | e
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To find the moments we sett = 0.

(eo —1)+O

m=m (0)=2e" " =2
w=m" (O) = lzez(eO—l)Jro +ﬁe/1(e°-1)+o _ 32,4

i =my (0)=2%"+32%" +1e” =1’ +31° + 4
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iii) Exponential Distn m, (t)z(%j

m (1) = c(jjt (}itj -4 (Adzt)l
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[/4 2

,uZ:mX(O):Z/I(A)gz?
T (k)O_kI kl_k!
u=m,’ (0)=(kY)A(4) oT?
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The moments for the exponential distribution can be calculated in an
alternative way. This Is note by expanding m,(t) in powers of t and
equating the coefficients of t“to the coefficients in:

m, (t) = 1+ pt+222 2343 4 g Aok

21 3! k!
m, (t)= i : : =1+U+U°+U°+---
A=t 1— ti 1-u
2 3
=1+t+t2+t3+
A A" A

Equating the coefficients of t<we get:

1 k!
- 4gineering Mathematics 4



The moments for the standard normal distribution

2

M (t)=e?
We use the expansion of eY.
00 k 2 3 k
u us u u
' =) —=l+U+—++-+—+
= 21 3l k!

z 2 g kl1+"
i 142 4 & 46 2k R
=1+50° +— It +233!t % It +
We now equate the coefficients tk in:
m, (t):1+;ﬁt+&t2+...+itk+...+ o ki)

2 !Engineering Mathevkat!cs H ( 2 k ) I



If kisodd: g =0.

For even 2k: ok _

(2k)!
Oy

|
Thus ,ul:O,,uzz%

Engi

(2K)!

2k !

41
=11, =0, 4, = 22(2|) =3
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Summary

Moments
Moment generating functions
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Moments of Random Variables

(X"
Y x*p(x) ifX is discrete

jxkf (x)dx if X is continuous

The moment generating function

| Zetxp(x) if X is discrete

m,, (t)zE[etX]:<

je‘xf dx if X is continuous
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Examples
1. The Binomial distribution (parameters p, n)

p(X)=[

m, (t)=(e'p+1- p)n = (e p+q)n

n

Xj Pl—p) T —x=012n

2. The Poisson distribution (parameter A)

p(x)z%eﬂ x=0,12,...
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3. The Exponential distribution (parameter A)
f (x)= {ﬂe“ x>0
0 X<0
L
m, (t) =+ 21—t
undefined t=>A4

t<A

4. The Standard Normal distribution (=0, oc=1)

1 e
f(X):ﬁe 2
m, (t)=e"

Engineering Mathematics |l



5.  The Gamma distribution (parameters «a, 1)
( la
f(x)=:T(a)

; 0 x<0

()

6. The Chi-square distribution (degrees of freedom v)
(a= V2, A=1/2)

X“ e x>0

(2) x: e x>0
f(x)=11(5)

0 Xx<0

My (t) == ( 1 _E,EgJeeﬁg(l\]ameaLt)csgm

N




Properties of Moment Generating Functions

1. m(0)=1
2 mx(t):1+;ﬁt+%t2+%t3+ +ﬂ—k|tk+
© gy 9"
3 m, (O)zd?mx (L =u
t=0
ie. m (0)=z
;(O):ﬂz
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The log of Moment Generating Functions

Let Iy (t) = In my(t) = the log of the moment generating
function

Then I, (0)=Inm,(0)=In1=0

e OmO)-[m O] e
S R




Thus Iy (t) = In my(t) Is very useful for calculating the
mean and varlance of a random variable

L L (0)=x
2. I3(0)=0"
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Examples
1. The Binomial distribution (parameters p, n)

m, (t)=(e'p+1-p) =(e'p+q)
I, (t)=Inm, (t)=nIn(e'p+q)

P=np

1
Il (t | =1, (0)=n
(1) r]e‘erqelg #=1l0) P+Q

e'p(e'p+q)-ep(ep)

N (t):n (e‘p+q)2
o* =1 (0)=n p(p(*p‘i);)f(ptnpq




2. The Poisson distribution (parameter 1)

ﬂ(et —1)
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3. The Exponential distribution (parameter A)

L t< A

mx(t):< A—t
‘undefined t>4

L (t)=Inmy (t)=InA-In(A-t) if t<A
L (0)=7=(2-1)"

. H e EEEETEEM!
(=4 (D=

Thus y:I;<(O):i and o’ =1 (o):i

12
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4. The Standard Normal distribution (2 =0, o= 1)

2

m, (t)=e*
L (1)=Inm, (t)=%
i (1)=t, 1 (t)=1

%

0)=0 and o° =15 (0)=1

Thus |u=I;
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5. The Gamma distribution (parameters ¢, A)

o]

l, (t)=Inm, (t)=c|InA-In(A-t)]

=D ()=

(A-t)

o
A2

Hence | u =1, (O):% and o° =15 (0)=
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6. The Chi-square distribution (degrees of freedom v)
My (t) s (1_ Zt)

I, (t)=Inm, (t) =—%In(1—2t)

, v 1 1%
LA B T b

Iy (1) =v(-1)(1-2t) " (-2) =

v
2

2V
(1-2t)

Hence| =1} (0)=v and o° =1} (0)=2v
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Summary of Discrete Distributions

Moment
generating
Name probability function p(x) Mean Variance function Mx(t)
Discrete 1 N+1 N2-1 et etN-]
Uniform P =N *=1.2,-N 2 12 N et
Bernoulli T {p x=1 p pq q + pet
p(x) = q x=0
Binomial N Np Npq (q + peHN
il e
Geometric p(x) =pg*! x=1,2,... 1 q pet
p p* 1-ge!
Negative x-1 k kq pet |k
Binomial p(x) = (k-l ) piqt P p2 I-qet
x=k,k+1,...
Poisson AX Aet-1)
p(x) =7 et x=1,2,... a - ¥
Hypergeometric (A )( N—A) A AY(. AYN-n not useful
X /\ n-x PN A Y
p(x) = (N)
n
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Summary of Continuous Distributions

0 x <0

probability Moment generating
Name density function f(x) Mean | Variance function Mx(t)
Continuous ath (b-a)2 ebt_gat
Uniform f(X)=<p_a asxs<b 2 12 [b-a]t
0 otherwise
Exponentia le™ x=0 1 1 A
] f(x)= % 22 R fort <A
0 x<0 s
Gamma a Q o &
L P D T == A
f(x) = f(X) =1 G(a) A A2 [k _J fort<a
0 x<0
1 WD ot 4 9 a v 1
f(x) = {F(V/Z) X le (2 x 7.0 [E} fort<1/2
v d.f. 0 x <0
Normal fx) = 1 o-(x-1)2202 m G2 othH(1/2)P2c?
21 o
Weibull 0 02 B { - - 2} not
f(x) - {9 R el ) -La R [t

Engineering Mathematics |l



