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Continuous Distributions 

The Uniform distribution from a to b 
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The Normal distribution  

(mean m, standard deviation s) 
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The Exponential distribution 
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Weibull distribution with parameters a and b. 
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The Gamma distribution 

Let the continuous random variable X  have 

density function: 
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Then X  is said to have a Gamma distribution 

with parameters a and . 
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Expectation of functions of 

Random Variables 
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X is discrete 
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Moment generating functions 
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Moment Generating function of a R.V. X 
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Examples 

1. The Binomial distribution (parameters p, n) 
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The moment generating function of X , mX(t) is: 

2. The Poisson distribution (parameter ) 
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The moment generating function of X , mX(t) is: 

3. The Exponential distribution (parameter ) 
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The moment generating function of X , mX(t) is: 

4. The Standard Normal distribution (m = 0, s = 1) 
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The moment generating function of X , mX(t) is: 

4. The Gamma distribution (parameters a, ) 
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We use the fact 
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Properties of 

 Moment Generating Functions 
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1.  mX(0) = 1 
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Property 3 is very useful in determining the moments of a 

random variable X. 
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The moments for the exponential distribution can be calculated in an 

alternative way.  This is note by expanding mX(t) in powers of t and 
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The moments for the standard normal distribution 
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If k is odd: mk = 0. 

 
2 1

2 ! 2 !

k

kk k

m
For even 2k:  

 
2

2 !
or     

2 !
k k

k

k
m 

 1 2 3 4 2

2! 4!
Thus     0, 1, 0, 3

2 2 2!
m m m m     

Engineering Mathematics III 



Summary 

Moments 

Moment generating functions 
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Moments of Random Variables  
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3. The Exponential distribution (parameter ) 
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f x e





4. The Standard Normal distribution (m = 0, s = 1) 

 
2

2
t

Xm t e
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   
1 0

0 0

xx e x
f x

x

a
a 

a

 


 




5. The Gamma distribution (parameters a, ) 

 Xm t
t

a




 
  

 

6. The Chi-square distribution (degrees of freedom n) 

(a  n/2,   1/2 

 
 

 

2
1

2 2

1
12

2

0

0 0

x
x e x

f x

x

n

n

n

 

 

 




   
2

2

1
2

1
2

1 2Xm t t
t

n

n 
   

 
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1.  mX(0) = 1 

  2 332
12.        1

2! 3! !

kk
Xm t t t t t

k

m mm
m      

     
0

3.        0
k

k

X X kk

t

d
m m t

dt
m



 

Properties of Moment Generating Functions 

  1i.e.     0Xm m 

  20Xm m 

  30 ,   etcXm m 
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 Let  lX (t) = ln mX(t) = the log of the moment generating 
function 

   Then      0 ln 0 ln1 0X Xl m  

The log of Moment Generating Functions 

 
 

 
 

 
1

 
X

X X

X X

m t
l t m t

m t m t


  

 
     

 

2

2
 

X X X

X

X

m t m t m t
l t

m t

     
  

 
 

  1

0
 0

0

X

X

X

m
l

m
m m


   

 
     

 
 

2

2 2

2 12

0 0 0
 0

0

X X X

X

X

m m m
l

m
m m s

        
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 Thus lX (t) = ln mX(t) is very useful for calculating the 
mean and variance of a random variable 

  1.       0Xl m 

  2 2.      0Xl s 
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Examples 

1. The Binomial distribution (parameters p, n) 

     1
n n

t t

Xm t e p p e p q    

     ln ln t

X Xl t m t n e p q  

 
1 t

X t
l t n e p

e p q
 


 

1
0Xl n p np

p q
m   



 
   

 
2

t t t t

X
t

e p e p q e p e p
l t n

e p q

 
 



 
   

 
2

2
0X

p p q p p
l n npq

p q
s

 
  


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2. The Poisson distribution (parameter ) 

 
 1te

Xm t e
 



     ln 1t

X Xl t m t e  

  t

Xl t e 

  t

Xl t e 

 0Xlm  

 2 0Xls  
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3. The Exponential distribution (parameter ) 

 
undefined

X

t
m t t

t











 
 

     ln ln ln   if   X Xl t m t t t      

   
11

Xl t t
t





   



     
 

2

2

1
1 1Xl t t

t





     



   2

2

1 1
Thus   0   and  0X Xl lm s

 
    
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4. The Standard Normal distribution (m = 0, s = 1) 

 
2

2
t

Xm t e

   
2

2
ln t

X Xl t m t 

   ,   1X Xl t t l t  

   2Thus  0 0  and  0 1X Xl lm s    
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5. The Gamma distribution (parameters a, ) 

 Xm t
t

a




 
  

 

     ln ln lnX Xl t m t ta       

 
1

Xl t
t t

a
a

 

 
     

      
 

2

2
1 1Xl t t

t

a
a 




     



   2

2
Hence  0   and  0X Xl l

a a
m s

 
    
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6. The Chi-square distribution (degrees of freedom n) 

    21 2Xm t t
n

 

     ln ln 1 2
2

X Xl t m t t
n

   

   
1

2
2 1 2 1 2

Xl t
t t

n n
    

 

      
 
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2

2
1 1 2 2

1 2
Xl t t

t

n
n


     



   2Hence  0   and  0 2X Xl lm n s n    
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   Summary of Discrete Distributions 

 
 

Name 

 
 

probability function p(x) 

 
 

Mean 

 
 

Variance 

Moment 
generating 

function MX(t) 

Discrete 
Uniform 

p(x) = 
1

N
   x=1,2,...,N 

N+1

2
  

N2-1

12
  

et

N
 
etN-1

et-1
  

Bernoulli 
p(x) = 



p x=1

q x=0
  

p pq q + pet 

Binomial 
p(x) = 







N

x
 pxqN-x 

Np Npq (q + pet)N  

Geometric p(x) =pqx-1  x=1,2,... 1

p
  

q

p2  
pet

1-qet  

Negative 
Binomial p(x) = 







x-1

k-1
 pkqx-k  

x=k,k+1,... 

k

p
  

kq

p2  






pet

1-qet  
k
 

Poisson 
p(x) = 

x

x!
 e-  x=1,2,... 

  e(et-1) 

Hypergeometric 

p(x) = 






A

x 





N-A

n-x







N

n

  

n 






A

N
  n 







A

N
 








1-
A

N 





N-n

N-1
  

not useful 
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   Summary of Continuous Distributions 

 
Name 

probability  
density function f(x) 

 
Mean 

 
Variance 

Moment generating 
function MX(t) 

Continuous 
Uniform 











otherwise

bxa
abxf

0

1

)(  

a+b

2
  

(b-a)2

12
  

ebt-eat

[b-a]t
  

Exponentia
l 












00

0
)(

x

xle
xf

lx

 
1


  

1

2  


  t

 

  
 

  for t <  

Gamma 

f(x) = 















00

0
)(  f(x)

1

x

xex
aG

l lxa
a

 

a


  

a

2  

  t

 

  
 

  

a

 for t <  

2 

 

n   d.f. 
f(x) = 



(1/2)n/2

(n/2)
 xn/21e-(1/2)x x ?  0

0 x < 0

  

n 2n 







1

1-2t
 

n/2

 for t < 1/2 

Normal 
f(x) = 

1

2 s
    e-(x-m)2/2s2

 
m s2 etm+(1/2)t2s2

 

Weibull 

f(x) = 






 x1 e-x/ x ?  0

0 x < 0

  


2/
( )+1

   
2/









( )+2

 -[ ]( )+1



2
 
 

not 
avail. 
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