Geometric Transformations
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2D Rotation
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Rotation in angle @ about a

pivot (rotation) point (x,,y, ).
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2D Scaling
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P'=S-P
Scaling about a fixed point (x Y f)
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Homogeneous Coordinates

Rotate and then displace apoint P: P'=M,-P+M,

M,: 2x2 rotation matrix. M,: 2x1 displacement vector.

Displacement 1s unfortunately a non linear operation.

Make displacement linear with Homoheneous Coordinates.

(x,y) = (x,»,1). Transformations turn into 3 x3 matrices.

Very big advantage. All transformations are concatenated by

matrix multiplication.
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Inverse transformations:

T'=|0
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Composite transformations:

Composite translations:
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P'= R(Hz){R(HI)-P} - {R(Qz)'R(Ql)}'P
Composite Rotations: R(6,)-R(6)=R(6,+6,)

P'=R(6,+6,)-P
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Composite Scaling: S(Szx»Sz )-S(Slx,Sly) = S(S1x -SZx,Sly -SZy)



General 2D Rotation
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Move to origin Rotate Move back
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General 2D Scaling
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Move to origin Scale Move back
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2D Directional Scaling
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2D Reflections

0 O

-1

—1




0 O

-1




Geometric Transformations by Rasterization

The transformed shape needs to be filled.
— A whole scan-line filling is usually in order.

However, simple transformations can save new filling by
manipulating blocks in the frame buffer.

________

Translation:

Move block of pixels of frame buffer into new destination.



90° counterclockwise rotation
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Rotated pixel block

Destination pixel array

RGB of destination pixel can
be determined by averaging
rotated ones (as antialiasing)




3D Transformations

Very similar to 2D. Using 4x4 matrices rather than 3x3.

Translation ¥ = x4+ .
Y

N\ yr _ y + ty

z'=z+t,
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General 3D Rotation

Translate the object such that rotation axis passes
through the origin.

Rotate the object such that rotation axis coincides with
one of Cartesian axes.

Perform specified rotation about the Cartesian axis.

Apply inverse rotation to return rotation axis to original
direction.

Apply inverse translation to return rotation axis to
original position.






The vector from P, to P, is:

V=P, -P :(xz XV, T )5 _Zl)

Unit rotation vector: u =V/| V|=(a,b,c)
a=(x=x)/IV|
b=(y,-»)/IV|
c=(z-2)/IVI

\/a2+b2—|—02 =1

oS O = O

S = O O




Rotating u to coincide with z axis
First rotate u around x axis to lay in x — z plane.

Equivglent to rotation u's projection on y — z plane around x axis.

cosoc:c/\/b2+c2 =c/d, sina=b/d.

We obtained a unit vector w = (a, 0,\b>+c* =d ) in x — z plane.

1 0 0 O
0 ¢/d -b/d 0

0 b/d c/d 0
0 0 0 I




Rotate w counterclockwise around y axis.

w 1s a unit vector whose x —component 1s a, y —component 1s 0,

hence z — component is Vb +¢” =d.

cosff=d, sinff=—a

d 0 a 0

0 1 0 0
Ry('B):—aOdO z

0 0 0 1

R(0)=T R, (a) R, (§)-R.(6) R, (B) R, (a) T
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R.(0)=] 0 1 0
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a’(1-cos@)+cosd ab(l-cos@)—csiné ac(l—c0s9)+bsin9_
ba(1-cos@)+csin@ b*(1-cosd)+cosf be(l—cosh)—asind
ca(l—cos@)—bsin@ cb(l-cosh)+asiné cz(l—cosﬁ)+cosﬁ_




Efficient 3D Rotations by Quaternions

Quaternions are extensions of complex numbers to 4-dimension.

q=s+ia+ jb+kc=(s,v) s:real v=(a,b,c):imaginary
P=j=k==1, ij=—ji=k, jk=—ki=i, ki=—ik=j
Addition: ¢, +q, =(s,+s, , v, +V,)

Multiplication: g,g, =(s,5, =V, -V, , 8§V, +5,V, +V, xV,)

‘q‘2=S2+V'V, q = (S V) qq_lzq_lqz(l,O)



Rotate a point position p =(x, y,z) about the unit vector u.
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o) Quarternion representation:

u

. ( 0 . 0)
Rotation: ¢g=| cos— , usin—
2 2

/ X Position: P= (0,p), p=(x,».2)
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Rotation of P is carried out with the quarternion operation:

P' =gPq' = (O,S2p+ V(p-V)+2S(V><p)+ VX(VXp))
This can be calculated by efficient HW for fast 3D rotations

when many rotation operations are involved.
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3D Scaling

x'=x-S, Y

y'=y-S,

Enlarging object also moves it from origin
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Scaling with respect to a fixed point (not necessarily of object)
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