Surface Area and Integrals




A

Surface Area

In the previous lecture we defined the surface area a(S) of the parametric surface S, defined by
r{u,v) on T, by the double integral

a(§) = [[ || ru o || dudv. (1)
T

We will now drive a formula for the area of a surface defined by the graph of a function.

Area of a surface defined by a graph: Suppose a surface S is given by z = f(x,y), (z,y) €T,
that is, S is the graph of the function f(x,y). (For example, S is the unit hemisphere defined by
z = /1 — 2% — y* where (z,y) lies in the circular region T : 2° 4+ y* < 1.) Then § can be considered
as a parametric surface defined by:

T{Iayj = Ii +yj + I{Iayjkr [Ir?} eT.
In this case the surface area becomes
a(S) = [f \/1 + f2+ f2 dedy. (2)
>

because || ry x 1y || = | = fei— fyi + k| = \/1+f§+f§.




Example 1: Let us find the area of the surface of the portion of the sphere z° + y* + 2? = 4a?
that lies inside the cylinder z° + y* = 2az. Note that the sphere can be considered as a union of
two graphs: z = +1/4a% — 22 — y2. We will use the formula given in (2) to evaluate the surface
area. Let z = f(z,y) = \/4a? — 22 — y2. Then

i - & -] 212 = da?
fz - 7_402-12-!’21 fy — 7_402-22-!’2 and 1+ fz + fy = AT . £

Let T be the projection of the surface z = f(x,y) on the zy-plane (see Figure 1). Then, because
of the symmetry, the surface area is

a(S) =2 ff,/—,—,—,“;z —rdrdy =2 x 2 f f Zg;d'_"f
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A

Surface Integral

Surface Integrals: We will define the concept of integrals, called surface integrals, to the scalar

functions defined on parametric surfaces. Surface integrals are used to define center of mass and
moment of inertia of surfaces, and the surface integrals occur in several applications. We will not

get in to the applications of the surface integrals in this course. We will define the surface integrals
and see how to evaluate them.

Let S be a parametric surface defined by r(u,v), (u,v) € T. Suppose r, and r, are continuous.
Let g: S — R be bounded. The surface integral of ¢ over S, denoted by [[ gdo., is defined by
S

[ do = [[ofr(u,0) I xre | due = [ ol o) VEC—F2 dudo (3
provided the RHS double integral exists. If § is defined by z = f(z.y), then

do = [[ gle.y. fla.y))\/1+ f2 + 2 dudy. ‘
Isfya [I[y[wyf(my)] 14 f7 + f; dady (5)

where T is the projection of the sutface S over the zy-plane.




Bxample  Let § bethe hemispherealsurie 2 = 2247 . Lot us evluate f! pa +[(tf+ﬂ}“]”"“

We first parameterize the surface 5 as lollows:

§:=1l.)= aqummﬁﬂ astnosin, acoso), 0<0<0r 1¢<o<r,

Sl caledacion shows that G - F* = ¢*singand 742+ ?\ umsﬁ Therefore,
by equation (4),the suface i EgraJ i

7 i er/d asing
H |Ie+y¢+fg+ﬂ);] =[ fi _#% (i




