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Legendre Functions



Source - free scalar wave equationin spherical coordinates (»,6, ¢)
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Assume y(r,0,4) = R(r)®(6)®(4) . Then separation of variables
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A superposition of these solutions over the allowable separation constants is
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The separated equationin the angular variable x = cos &
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For m =0, thisis simply Legendre's equation;
for m# 0, itis the associated Legendre's equation
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e A second solutionis given by

)

1
where CD(n)=1+%+§+--- Only P, (x) is finiteat x=zl.
n




L,(x)=F,(x), Q,(x)
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The (integer order) Legendre functions can also be defined through a
generating function g (x,t):

: = iPn(x)t”, 1|<1
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The generating function definition also leads to the integral
representation
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Several recurrence relations are easily derived from the generating
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function. For example, from g(x,¢) =

we note that
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Rearranging and equating like powers of ¢ yields
(2n+DxB, (x)=(n+1)F,,,(x)+nb, (x)




For L,(x)= P,(x) o 0, (x):
o nL (x)= (2n — 1) xL,  (x)— (n — I)Ln_2 (x)
o AL/(0)-L,(x) = nL,(x)
o L,(x)=xL, (x) = nL,_(x)
o (1- x)2 L (x)=nL _ (x)—nxL (x)
o (2n+1)L,(x) =L (¥)~ L], (x)
0 (1 = x)2 L (x)=nxL  (x)—nL (x)
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Plots of Legendre Functions
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P() = 1. . o) ==
P(-)= (1), o+ Q1) = o

P, (x) is an nth degree polynomial with n zeros

in—-1<x<1

Rodrigue's formula :
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+ B'(x)=E(x) * 0(0)=0,(%);
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o ﬂm(x):Qf(x)zo, m>n, m,nintegers
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The tesseral (spherical ) harmonics :
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Orthogonalities of the tesseral harmonics:
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Expansion of a function on a spherical surface:
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