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Fourier Series

Periodic Functions



The Mathematic Formulation

* Any function that satisfies
f@)=f@+T)

where 7' is a constant and is called the period
of the function.



Example:

f()= cos§+ cos% Find its period.

f@)=f@+T) mm) cos%+cos£:cosé(t+T)+cos%(t+T)
Fact: cos0=cos(0+2mmn)

T =6mm

=2mm ‘ ‘ T=24n smallest T

= 21T T =8ntt

NI N



Example:

f(t)=coswt+cosm,t Findits period.

f(@)=f(t+T) wmp coOS®+COSW,t=cos®(+1)+cosm,(t+T)

o1 =2mn

‘ ®, m ‘ o, must be a
®, n ®, rational number

0,1 =2nn



Example:

f(t)=cos10z+cos(10+m)t ><
Is this function a periodic one?

o, 10 not a rational
®, 10+7m  number




Fourier Series



Introduction

* Decompose a periodic input signal into
primitive periodic components.

A periodic sequence

Ay |

ANFANFAN

ANTANN

vV v V

Vr \r \Mr




Synthesis

2 2Nt « . 21nt
()= Yo, Z cOS + Zb sin
2 - T T
- ~ P -
DC Part Even Part Odd Part
\ ),

T'1s a period of all the above signals

Let o =2n/T.

() = “—20 +Y a, cos(noyt) + Y b, sin(nw,t)
n=1 n=1



Orthogonal Fu

nctions

* Call a set of functions {¢,} orthogonal on
an interval a < ¢ < b 1f 1t satisties

[ 0,00, (1)t =

0 m=n

V m=n

L



Orthogonal set of Sinusoidal Functions

Define o, =2n/1.

T/2 T2
T/2 cos(mayt)dt =0, m#0 J- sin(moyt)dt =0, m=0

-T/2
T /2 0 m#n ,
cos(mm,t) cos(nw,t))dt = We now prove this one
/2 T/2 m=n
T/2 Asi A — 0O m#n
j_msm(mcoo )sin(nw,t)dt = T o

_[_TT/Z sin(mw,t) cos(nw,t)dt =0, forall mand n




Proof

cosacosP = %[cos(oc +3) + cos(o. —P)]

T/2
j . cos(mayt) cos(ne,t m=*n

= — f s cos[(m +n)w,tdt +— I cos[(m —n)w,t Jdt

T/2

1 1 T/2 1 1 . T/2
=— sif[(m+n)o,t sin[(m —n)w,t

2 (m+n)m, A ) 0]‘ 2T 2(m—n)co0 [( ) O]‘_T/z

_1 1 2sm[(m+n)m]+ 1 : 2sm[(m—n)x]

2 (m+n)o, . L, 2(m+n)o, - - _

0

—0 ’



P ro Of COS 0L COS [3 = %[cos(oc+B)+cos(oc—B)]
cos’ oL = %[1 +cos 20.]
f;i cos(mm,t) cos(nm,t)dt m-—n

T/2
= [ cos®(mayt)dt =~ j [+ cos 2ma,t it

T/2
= lt + : s 2mm,t |
2 | ., 4mo, r
2 J‘ v cos(mm,t) cos(nw,t)dt = { O m#En
~T/2 I'/2 m=n




Orthogonal set of Sinusoidal Functions

dll Orthogonal Scl. WAE ®,t,COS 2®,t, oS 3®, 1, -

SIN @7, SN 20, SN 3WyL, - |

Deftine o,=27/T.

1,

'

m#0

oT/2 T2
| cos(mw,t)dt =0, m=0 J‘_M sin(mm,t)dt =0,
oT/2 0 m#n
| cos(mm,t) cos(nw,t))dt = {T 5 e
T/2 , 0O m#n
I_m si(mm,t) si(nw,t)dt = {T 9 e

J-T/2
-7/2

sin(mw,t) cos(nw,t)dt =0, forall mand n




Decomposition

f(t) — % + Zan COS(I/Z(DOt) + an Sin(n(l)of)
n=1 =1

2 to+T

dy :E " f(t)dt

_ 2 to+T d 12
an—;_‘;o f(¢) cos nw,tdt n=12,--

bn _ 2 to+T

-), S@Osinnogdt =12,



Proof

Use the following facts:

T/2 T2
T/2 ssmag =l ne=l J- T/2 sim(mat)dt =0, m#0

T /2 d - O m = n
._T/zcos(mooot) cos(nw,t)dt = riy o

/2 ’ . t dt B O m=n
I_T/zsm(mwo )Sln(nooo ) — TIY me=n

_[_TT/Z sin(mw,t) cos(nw,t)dt =0, forall mand n




Example (Square Wave)

A

1)

1

v

-6m -5t -4nm -3m -2n -¢; n 2n 3n 4n Smw

PR
aozz—ﬂjo ldtzl

2 T 1 . b
a =—j cosntdt =—sinnt| =0 n:1,2,---
" do 0

nm
2 ¢z . 1 . 1 2/nr n=13,35,---
bn:—j smntdt:——cosnt‘ =——- (cosnzm—1)=

27 %0 nm " nrxm

0 n=2,46,



Example (Square Wave)

1 2( . 1 . 1 .
f(f):5+—(smt+—sm3t+—sm5t+---)
T

3 S

70 |

1

-6m -5t -4nm -3m -2n -¢; n 2n 3n 4n Smw

2 en
61022—7["‘0 ldtzl

2 (n 1 .
anz—J- cos ntdt = —sinnt
210

=0 n=12,-
nm

w1 2/nmt n=13,5,---
nm 0 nm

1 ¢n . 1
bn:—J sin ntdt = ——cosnt| =——(cosnn—1)=
27190 0 n= 294969'”



o=+

a

1 1
3 S

sint+—sin3t+—sin5t+---j

70 |

1

-6m -5t -4nm -3m -2n -¢;

n 2n 3n 4n 5w

2 i
1.5
1 eeall famanall faseal afl fosaal
HERENENE
O NN o
-0.5

=135, -

1= 2,46,




Harmonics

2 - .2
f(t)— +Za COS 7;m+2b sin ;nt

() = “—20 4 Z a_cos(nw,t)+ an sin(nw,t)

LY_' ~ ~ - ~ ~ -
DC Part Even Part Odd Part

— i

T'1s a period of all the above signals



Harmonics

2T
Define , = 2ch0 = 7 , called the fundamental angular frequency.

Define @, = n®,, called the n-th rarmonic of the periodic function.

Ay ~ - .
()= 70 + > a, cosnwyt + » b, sinnwt

m—)

Ay ~ - .
()= 70 +> a,cos0,t+ Y b, sino,t
n=l1 n=l1



Harmonics

f(t)— +Za cosoot+2b sin o, ¢

= 70 + Z (a,cosm t+b sinw t)

n=1

+Z\/a +b> cos® f+ sin o ¢
\/a +b2 w/a +b2 '

a = . i
=04 a’ +b*(cos® cosm r+sin® sinw ¢
2 n n n n n n
n=I1

=C, + Z C cos(w -0 )
n=l



Amplitudes and Phase Angles

f(@)=C,+ iCn cos(m —0))

/ \

harmonic amplitude phase angle

_ 4

CO

X b
0 =tan"'| =
C = \/a,f +b’ 4,




Fourier Series

Complex Form of the
Fourier Series



Complex Exponentials

Jnot

e = COS nW,! + jsin nw,t

e = COS nM,f — j S nm,t

1/ . -
COS NMW, I = 5 (e’m"“t + e /" )

SIn nQ)OZ‘ — _.(e]ncoot —e Jn@of): _é(ejn(oot —e ]nooot)

2j



Complex Form of the Fourier Series

f(t)— +Za cosn(oot+2b sin ne,t




Complex Form of the Fourier Series

f(l‘) =c,+ Z [Cnejnmot n C_ne—jnooot]
n=I




Complex Form of the Fourier Series

ER ALY

1
—_(a —jb

171 er/2 (772 .
= [ j s S (¥) cos nw,tdt — ]I J()sin noootdt}

s f (t)(cos nwyt — jsin nw,t)dt

e

[\.)|>—* ’ﬂ|*—‘ 'ﬂ|’—‘ 'ﬂ|

J-T/2

Q

(a,+jb,)=— j  J@e"dr




Complex Form of the Fourier Series

FB)= Y e,

— 1 /2 —jncootd
C, = ;j_T/zf(t)e !

: c =lc, | e’ c. =c =c | o/
If f{¢) is real,

1
— . e, [Flc, lE=Ja?+b?
C—n — Cl’l 2 n= il)iz,i:;, ..

b
— -1 “n 1
d)n _tan ( anj CO :EaO




Complex Frequency Spectra

c,dc,le, c,=c,=c,|e” b
| O, = tan”'| — n==x1,+2.£3,.--
e, He, l=oa, +b, o
| e, |1 amplitude
c, =—4a, spectrum
2
1 1>
\ phase
¢n spectrum
I I I I I I I I | | | ‘ ‘ ‘ L 1 1
L ‘ ‘ ‘ ‘ | | L L L
0




Example

f(l‘) A
A
| | | | t >
. roa 1 oa ; '
2 2 2 2
A 1 :
c :éj‘d/ze—jnwotdt =————(—2jsinnw,d /2)
oo dan T — jno,
4 1 .
A 1 ooyt " == sin nw,d /2
=TT e T 5 now,
%o ~d/2 nnd
Ad sin(T j
_ A 1 — jnwyd /2 1 Jjnoyd /2 =
— e ——e
'\ - jno, — Jno,

3



Example

A/5
||||iIIII| i ‘II |il||li||||
-120m -80m I I I—4OTE 0 407 I I 80m 1201
-15m, -10®, Sm, S5m, 10w, 15w,
il d=L |r=1fa_1
. _Ad T 20° 41T 5
CT nnd ® :2—n=8n
T ‘T




Example

/10
-120m -80m -40m 0 40m 807 1207
-30m, -200, -10®, 10w, 20m, 30m,
Sinmcd g 1, T:l,.izl
Ad 20 21 T 5
T (mtd j 2
— W, =—=4r
T T




Example

f(l‘) A
A
t [
M 0 ] )
— A d — jnomyt — é 1 l_e—jnmod
C”_EFL‘z at I"jnmo( )

A 1 o d _ é 1 e—jnogod/2(ejno)0d/2 . e—jn(x)od/2)
=€ T jno,

I - jnow, .

: (nndj
S| ———
A 1 inond 1 _ Ad T o no0d 12
T r (Wj
T

— Jn®, — Jno,



Fourier Series

Impulse Train



Dirac Delta Function

5(t) = - and | 8(0)dr =1

Also called unit impulse function.




Property

[~ 8(0)¢()dt = §(0) | o(t): Test Function

[ 8(d@rdr =" 8(0)(0)dr = p(0)[ 8(t)dt = p(0)




Impulse Train

37 2T -T 0 T 2T 37 !

5, (f) = iB(z—nT)\




Fourier Series of the Impulse Train

O, (1) = ZS(t—nT)\ a, =%ITT//228T(t)dt:%
— 2 2

T/2
a = j_msT(t) cos(noy )t =~

T
b =20 5. (t)si dt =0
=7 ], 8rOsin(rond: =

] 2 &
O..(t)=—+ COS N, .t
(0= TZOO ;




Complex Form
Fourier Series of the Impulse Train

5,(f) = iS(t—nT)\




Fourier Series

Analysis of
Periodic Waveforms



Waveform Symmetry

e Fven Functions

 Odd Functions

fO=f-n

fO=~f(0) ———



Decomposition

* Any function £(7) can be expressed as the sum
of an even function f,(¢) and an odd function

1,(0).
fO=f£.0+f )

f.@)=3[f(@&)+ f(-t)] EvenPart
@)=L f@)—f(-r)] ©ddPart



Example

re_t t>O \
[)=-+
/&) 0 <0 :

_%e—r t>0 /@’iﬂ
f.@)=1" ;

\%e t<0
(] [ Odd Part
L™ >0

f,=1"" ~




Half-Wave Symmetry

)= ft+T) and f(t)=—f(t+T/2)

T72 T72: T




Quarter-Wave Symmetry

Even Quarter-Wave Symmetry

/j./_ﬂl/j

/N ]\ L

Odd Quarter-Wave Symmetry

[\ Y\ [\
7/ /T




Hidden Symmetry

* The following is a asymmetry periodic function:

e Adding a constant to get symmetry property.

\AANNNANAN
Nkk\f\_ykkk\




Fourier Coefficients of
Symmetrical Waveforms

* The use of symmetry properties simplifies the
calculation of Fourier coefficients.
— Even Functions
— Odd Functions
— Half-Wave
— Even Quarter-Wave
— Odd Quarter-Wave
— Hidden



Fourier Coefficients of Even Functions

fO=f0

f(t)— +Za COS N, !

‘ !
T/2

a, == jo £(£)cos(no,t)dt



Fourier Coefficients of Even Functions

f () =—f (1) \\

f()=Y) b, sinnot
n=1

=)

h = ; [ f)sin(noyndr



Fourier Coefficients for Half-Wave Symmetry

()= ft+T) and f(t)=—f(t+T/2)

T 2T

The Fourier series contains only odd harmonics.




Fourier Coefficients for Half-Wave Symmetry

f@)=f@+T) and f@)=—f(t+T/2)
‘ ()= Z:;(an Cos nw,t + b, sin nw,t)

0 for n even

a, = - % IOT/Z f(¢)cos(nmyt)dt for nodd

)
0 for n even

b, =+ % IOT/Z f(t)sin(nw,t)dt for nodd




Fourier Coefficients for
Even Quarter-Wave Symmetry

/jg/__\,/j
/N ]\ L

£(1)=3 a,, , cos[(2n~)oyt]

=)

a, , = ; _‘?4 f(#)cos[(2n—1)w,t]dt



Fourier Coefficients for
Odd Quarter-Wave Symmetry

[\

\__/

;[\
\_/

£(t)= b, sin[(2n—Doy]

=)

b, | = ; jom £(0)sin[(2n - Do, ]dt



Example

Even Quarter-Wave Symmetry 4
1

| E—T/2! ‘ : IT/2 |
- —T/4 TH T

S X 1T ; I

8 (T/4 8 ¢T/4
a, = pa _[0 f(#)cos[(2n—1)wt]dt= pa IO cos[(2n—1)wt]dt

sin[2n—Do,t]  =(-D""

0

4
2n—-m

B 8
2n-Do,T




Example

1 ]
f(@)= (cos 0, — g COS 3m,f +— - COS S, +- j

Even Quarter-Wave Symmetry 14
1

| E—T/2! ’ ’ IT/2 |
- ~T/4 T4 T

; 1 ; _1 1 1 ; 1

a, = ; J:)m f(#)cos[(2n—1)wt]dt= ; j o cos[(2n—1)wt]dt

0

sin[2n—Do,t]  =(-D""

0

4
(2n—Dm

B 8
2n-Do,T




Example

Odd Quarter-Wave Symmetry

: 1 : :
B 1 R TR
T . -T/4 T/4 :

-1

b, | = ; [ f@sin[2n- D, = ; [ sinf(2n - Do,1ds

T/4

-8 4

— on Do T cos[(2n—1)m, ] O = (2n—Dn




Example

4( . 1 . 1 .
f(t):;(smmot+—sm3(x)0t+—s1n5(not+...j

3 S

Odd Quarter-Wave Symmetry

: 1 : :
B 1 R TR
T . -T/4 T/4 :

-1

b, | = ; [ f@sin[2n- D, = ; [ sinf(2n - Do,1ds

T/4

-8 4

- on Do T cos[(2n—1)m, ] O = 2n-Dr




Fourier Series

Half-Range
Expansions



Non-Periodic Function Representation

* A non-periodic function f(7) defined over (O,
T) can be expanded into a Fourier series
which is defined only in the interval (0O, 1).



Without Considering Symmetry

3
.
Sa,

T T

* A non-periodic function f(7) defined over (O,
T) can be expanded into a Fourier series
which is defined only in the interval (0O, 1).



Expansion Into Even Symmetry

; i : T I

T 17271 o

* A non-periodic function f(7) defined over (O,
T) can be expanded into a Fourier series
which is defined only in the interval (0O, 1).



Expansion Into Odd Symmetry

* A non-periodic function f(7) defined over (O,
T) can be expanded into a Fourier series
which is defined only in the interval (0O, 1).



Expansion Into Half-Wave Symmetry

o o o
* e * e * e
\ * \ * \ *
. . . . .
- v - v -
* & * L] *
., g ., g .,
Ll Ll
3 3 3
L2 L L2 o L2
Sa, N '-._ - L '-._ - >

\ Cad g g
. o** . o** . R
. * . * . *

. K3 . K ‘ K

. —_— .
“ o \d o — \d o
. . . . . .
. o . o . o
Q AR AR
a a* a*

* A non-periodic function f(7) defined over (O,
T) can be expanded into a Fourier series
which is defined only in the interval (0O, 1).



Expansion Into
Even Quarter-Wave Symmetry

.
e
CS
* . g
. R
-
. Q
* g
. -
5
Sa, »
= - >
1 .'.. als ““ |
- LR o
. PN R —_—
T *s 5 % o
. o ® Q
LA A
o ® LIRS

* A non-periodic function f(7) defined over (O,
T) can be expanded into a Fourier series
which is defined only in the interval (0O, 1).



Expansion Into
Odd Quarter-Wave Symmetry

- »
Qahd Al
* °
\ *
* T
. A Ap— ‘l
* 0 l
* * .
e * "
Sa, as® r| - | >
1 A TR T
. * * Ld
. o . 0
’l . R . >
. . \ Q
. o ° g
YN AR
a® A

* A non-periodic function f(7) defined over (O,
T) can be expanded into a Fourier series
which is defined only in the interval (0O, 1).



Fourier Series

Least Mean-Square
Error Approximation



Approximation a function

Use §,(¢1)= + Z (@, cos nw,t +b, sin nw,t)

n=1

to represent f(t) on interval —7/2 <t <17/2.
Define €,(¢) = f(#)—S,(¢)

L 2 Mean-Square
.[ T/2 e ()] dt Error



Approximation a function

Show that using S,(¢) to represent f(¢) has
least mean—square property.

j " e (0Pt

T/2
k

B T/2 . ?
—j s f(t )—7 — 2 (@, cos noyt +b, sinnw,t)| dt

Proven by setting 0F,/Oa; = 0 and OF,/0b; = 0.



Approximation a function

B 1 pf7/2 ,
b = FJ—T/z[gk (D) at

k 2
B %-“—TT/Z {f(t) _% B (an cos nw,t +b, sin nmot)} dt
n=1
ok, a, 172 _M°E, D oT/2 j
aao - 9) - T-[—T/Zf(t)dt =0 a—an =da, _?J‘—T/Zf(t)COS n(Dotdt =0
ok,

b 2 oT/2 . —0
. _?I_T/zf(t) sin nw, tdt =

b




Mean-Square Error

_1 T/2 5
=], e rde

k




Mean-Square Error

_1 T/2 5
=], e rde

T/2 a ’
— _I - {f(t) — 70 —>(a, cos nw,t +b, sin nmot)} dt
n=l

1 ¢r/2 a> 1<
VG RUES S-S WCHTH
n=1




Mean-Square Error

1 er/2 5
= | e T
1 ¢7/2 a, < . ’
:EI_T/z S 5 (@, cos nw,t +b, sinnwyt) | dt
n=1

31

T7/2

2 1 — 2 2
[/ ()] dt_?jLEnZ:;(an +b,)

T/2



