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Introduction

EM is typically used to compute maximum likelihood
estimates given incomplete samples.

The EM algorithm estimates the parameters of a model
iteratively.

— Starting from some initial guess, each iteration
consists of
e an E step (Expectation step)
* an M step (Maximization step)



Applications

Discovering the value of latent variables
Estimating the parameters of HMMs
Estimating parameters of finite mixtures
Unsupervised learning of clusters

Filling in missing data in samples
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Maximum Likelihood

X={X,X,,..., X}

£(©]X) = p(X[©) =] ] p(x/©)

® =arg max £(©|X) |




Latent Variables

X —

{XI,X ,ooo,XN}
“Incomplete
Data

Y={y;,¥2-->¥u}

Complete Data Z, = (X, Y)



Complete Data Likelihood
Complete Data 1 = (Xa Y)

X={X,X,,..., X}

Y = {Y1DY2>“°>yN}

L(O|Z)=p(Z|B) = p(X,Y|O)
= p(Y|X,0)p(X|0)



Complete Data Likelihood
Complete Data  Z. = (X, Y)

LO]Z)=p(Y|X,0)p(X|O)
1 A fun;gon of A fun(?tgon of

A function of latent variable Y  parameter ©
random and parameter @

variable Y.

. The result 1s in
If we are given ©,  torm of random Computable

variable Y.




Expectation

Expectation:

E(X) = j xp (X = x)dx = j xp (X )dx
E(f(X)) = | f(x)p(x)dx

Conditional Expectation:

E(X|Y =y)= [ xp(x| y)dx
EF(X)|Y =y) = [f(x)p(x| y)dx



LO]Z)= p(X, Y |O)
Expectation Step

Let ®¢D be the parameter vector obtained at the
(i—1)" step.

Define (Conditional Expectation of log likelithood of complete data)

0(0,0" ") =E[log £(©|Z)| X,0" "]
J Ylog p(X,y|0®)- p(y|X,0"")dy continuous

13 log p(X,y |©)- p(y|X,00 ") discrete

LyeY




., L(0]Z)=p(X.Y|0)
Maximization Step

O =arg max 0(0,0"" )\

Detine
0(0,0" ") =E[log£(O|Z)|X,0" "]

j Ylog p(X,y|09) p(y| X,0"")dy continuous
ye

13 log p(X,y |©)- p(y|X,00 ") discrete
yeY
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Mixture Models

If there is a reason to believe that a data
set is comprised of several distinct
populations, a mixture model can be used.

It has the following form:
M M
p(x|©)=>ap (x|0,) with > a =1
p= =

®0=(,..,a,,0,,...,0,,)



Mixture M?*1©)=2@2,x10)

X={X,X,,..., X}

Y = {y19y29°”9yN}

Lety,e{l,..., M} represents the source that
generates the data.



Mixture Models 7*'© = 2ar,x10)

X |P(x1y=/.0)=p,(x|0))
V=] pr=i19=a]

Lety,e{l,..., M} represents the source that
generates the data.




Mixture Models

p(x|y=j,0)=p(x]0)) p(x|®)=Zajpj(x|6j)
p<y=j|®)=a,-| —

p(Zi | O) :p(xi9yi | ©) :p(yi |Xi9®)p(xi | ©)




p(x|@)=> ap,(x]6)
p(x|y=j,0)=p(x|0,) j=1

pP(y=jl0)=a,
p(z,10) = p(x,,y,10) = p(y, | x,,0) p(x, | ©)
X,y,0 Ty |
p(r |x,0)= 2820 - p(x17,,0)p(;,0)

p(x,,0) p(x,,0)
_ X 1y,09)p(y, [O)p®)  p(x,|y,0)p(y, | O)
p(x; | O)p(O) (x| O)
_p,(x10,)a,

M
> a.p(x|0)
j=1



~ .0)=p.(x|6. o
p(x|y=j,0)=p,;(x| ])| p(x10)=>a p (x]6)
p(y=j|®)=04,-| =

p(z,|0) = p(x;,y,| ©) D (X, | ©)

@): p(xiayp@) — p(xl |y19®)p(y19®)

° 0 px,

p(yz |Xi9

Given x and @, the

_P (X; [y, conditional density of y
p(x, can be computed.
py (Xi | eyi )ay




Complete-Data Likelihood
Function

N
£O|2)=pX,y|0)=]]2,pr, (x,106,)
i=1

\

X={x,...x,} | Z,=(X,,1,)

y:{y19°'°9yN} J
LO|Z)=p(Z|O) = p(X,y|0) = p(X]y,0)p(y|O)

N N
=] | p(x;15,.9)p(»/10) =] ]2, p, (x,16,)
i=1 —— / i=1

6)&' ay d




Expectation

N
£©|2)=pXy|®)=]]e,p, (x10,)
i=1

N
log £(© | Z) =Y log|a, p, (x,16,)]
=1

0(0,0°)=E[log £L(O|Z) | X,0¢] O®s: Guess
=Y log £L(®| Z) p(y | X,0%)

N N
- Z Zlog[ayipyi (Xi | Hyi)}Hp(yJ | Xj’®g)
yeY =l J=



Expectation

N
£©|2)=pXy|®)=]]e,p, (x10,)
i=1

N
log £(© | Z) =Y log|a, p, (x,16,)]
=1

0(0,0°)=E[log £L(O|Z) | X,0¢] ®s: Guess
=Y log £L(®|Z) p(y | X,0%)

N
log| @, p, (x,16,) || | P(3; [ x,,0%)
j=1

hQ\

NAS

>

>3, log[a,p (x| [ o(r, | x,.0°)

I [=1

<
m
h%



Expectation

M N N
Q(®,®g>=lZZlog[azpz<xi 16)) yl.,lHlpm x,,0%)
=1 i=l j=




Expectation

0(0,0%)=>">"log|la,p,(x, | O)]> N B LCAR IR

=1 i=l yeYy

=>" N logla,p,(x, 1D D8, [1p0, 1x,,09)

=1 i=1 v =1 y;=1 yy=l1 Jj=

M M M M N

=ZZlog[alp,(Xi|91)] y: 7j|Xa®g) p(|x,,0%)

n=l oy =ly=l yy=l =l
J#1




Expectation

0(0,0%)=>">"log|la,p,(x, | O)]> 5yl.,zf_[p<yj x,,0¢)

=1 i=1 yeY
M N M M M N
=" Slogla,p,(x;, 1) Y-8, [ p(y, |x,,09)
=l i=l n=l y=1  yy=l j=1

M M M M N

ZZlog[alpl(xi@)][X--. ), X,@g)Jp(le,e)g)

n=l oy =ly=l o yy=l =l
Jil

0(0,0%) = ZZlog[azpl(x,- 16) H[Zmy,- X,®g>j p(l|x,,0%)




Expectation

0(0,0%)=> > logle, p,(x,16)|p(] x,,0%)

[=1 i=Il

0(0,09) =3 log(@,)p(l|x,,0%)+ > logl p,(x, | 0)Ip(l| x,,0%)

Q(0,0%) =33 logla,p,(x,16). lep(y] X, ®g)] p(|x,,0%)




Maximization
®0=(,...a,,0,,...,0,)

Given the initial guess ®g,

0(0,0%) =Zzlog(al)p(l | Xi,®g)+zzlog[pz(xi [6)1p(]x;,0%)

We want to find ®, to maximize the above
expectation.

In fact, iteratively.



EM Algorithm

EM-Algorithm on
GMM



The GMM (Guassian Mixture
Model)

Guassian model of a d-dimensional source, say j :

0, =, %))

GMM with M sources:




Goal

M
Mixture Model |p(x|®)=> a,p,(x|6)
/=1

0=(,....a,,0,,....0,)

M
subject to Z“z =1

[=1

To maximize:

0(0,0°) =Zzlog(0!z)p(l | Xi»®g)+zzlog[l?z(xi [O)1p(]x;,0%)




Correlated
with 6 only.

Correlated
with o, only.

To maximize: o

)

O
o
o

0(0,0°) =Zzlog(0!z)p(l | X,-,®g)+zzlog[pz(xi [O)1p(]x;,0%)




Finding a;

0(0,0%)=> > log(a)p(|x,,0%)+ > > log p,(x,|6)lp(|x,,0%)

=1 i=l =1 i=1

Due to the constraint on o;’s, we introduce Lagrange
Multiplier A, and solve the following equation.

. {fﬁlog(a»pmx,,®g)+z(zal—1]} =M
a; | =1

1

N

- Zip(1|xi,®g)+ﬂ,:0, [=1,... M
N

- D p(x.0%)+qi=0, [=1...M
i=1



Finding o,
0(0,0%) =Zzlog(a;)p(l | X,~,®g)+zzlog[p;(xi o)1 | x;,0%)

- A=—N|

M N M
D p]x,0%)+ 1) o, =0
[=1

=1 i=1

M
(Ix,0%)+ 1) a,=0
[=1

=
N\ ~ J \ )
1 1

- _/

o
N

I
[S—

,,,,,

1)

N
> pl]%,0%)+aA=0, I
i=1



Finding o,
0(0,0°) =ZZlog(al)p(l | X,~,®g)+zzlog[p;(xi [O)]p(]x;,0%)

p(l|x,,@%) = L%
Zl‘,afp,-(xwf)

I
ek

,,,,,

N
)y O p([x,0%)+qi=0, I
i=1



Finding 6,

0(0,0°)=> > logla)p(l|x,,0%)+ ) > log p,(x, |6)]p(l| x,,0%)

g=l = [=1 i=1

N _

Consider GMM Dy

Only need to maximize
this term

1
27)** x|

1 _
p(xX|p,X)= 7 eXp{_E(X_uz)TZZI(X_uz)}

Hl :(ulazl)

log] p,(x|p;,X)]=—%log27z—3log| %, 2 _%(X_HJ)TZZ_I(X_M)
N J

v
unrelated




0(0,0%)=) > logla)p(l|x,0%)+) > log|

[=1 i=1 g=L =l

Ip(]x;,0%)

V . .
Only need to maximize

this term

Therefore, we want to maximize:

00,09 =33 (-Llog|E, [ ~L(x, —p,) T (x, ) )p(l | x,,0%)

=1 =1

How? knowledge on matrix algebra is needed.

log] p,(x|p;,X)]=—%log27z—3log| %, 2 _%(X_HJ)TZZ_I(X_M)
N J

v
unrelated



http://www.resacorp.com/matrix_algebra.htm

g g
p(”XZ_,@g): Mal pl(xi |01 )

> aip,(x|67)
j=1

Therefore, we want to maximize:

00,09 =33 (-Llog|E, [ ~L(x, —p,) T (x, ) )p(l | x,,0%)

=1 =1

N N
inp(”Xﬂ@g) ZP(”X,-»Gg)(XZ-—Mz)(xi—uz)T
i=1 i=1

W, = 21:.

=—x ~
2 p(l]x,,0%) 2 p(]x,0%)
i=1 i=l



Summary

o’ p(x.|6F°
p(”Xi,@g): Mlpl( z| Z)

> aip,(x16))
j=1

EM algorithm for GMM

Given an 1nitial guess @3, find ®"¢" as follows

o =3 pll|x,.0")
i=1

N
> x,p(]x,0%)
Not cqgnverge | = =

-~ N
> p]x,,0%)
i=1

N
Zp(l | Xi9®g)(xi - H?ew)(xi _u;lew)T
Z?QW — i=1

N
> p]x,0%)
i=1

O° O™



Example: EM for GMM

Initial model parameters.

Example: EM for GMM

R A

.".‘.q. Ny

ts

After first iteration

Example: EM for GMM

(R
9 o€

i
. . . ... - \.'...-r}\.- *,
" h
- - . \

After fifth iteration

Example: EM for GMM

After convergence

Susanna Ricco
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EM Algorithm

Example:
Missing Data



Univariate Normal Sample
X ~N(u,07)

Ly X =(x,x,,...

sl = e -2 &2 — )



Maximum Likelihood

I exp[—(x‘“)}

2To 207

Ly X =(x,x,,...

We want to

maximize it.

5 ©

Given x, it is a :( 1 )“” xp —an (x, — 1)’
function of 1 and 67 | 270° = 20’




Log-Likelihood Function
2 (Ljn/z ex {—ZH: (xl.—,u)z}
L, 07 |X)= (220 P75 200

[(ﬂ,c | x) =log £(x,07 | X)

o T og 1 _Z(x — 1)’
Maximize
this instead
. n , N
2 2

By setting _ _
ai[(y,02|x)20 and 0 o’ |x)=0

u el



Max. the Log-Likelihood Function

[(,Ll,Uz‘X): Z 2 Z 20° 5 o’ 5

O nil .
—[(u,0° |X) = %3 0 = X;
o (1,07 | X) = Z H n; l



Max. the Log-Likelihood Function
/[l:lzxi ——ZX —

[(,Ll,Uz‘X): Z 2 Z 20° 5 o’ 5

O ) 7 1
o |X)=— +
Slom %) 20 20 Z

n n
no’ = le.z —Znyl. +nu’
i=1 i=1

nu




Miss Data
I[l:%'nlej

Sampling 2. Q== (xl oo s




E'Ste p ﬁ=%(ix+ > x.j

n\ - Jj=m+l
1" be the estimate parame’rer's at

Gz(f) the initial of the #* iterations

Let

E Z X, ‘x = (n—m) "

e

| j=m+l

Ay
E. . Z X ‘X —(n- m)( () +02(”)
a’ .o

| j=m+l




11" be the estimated parameters at

52" the initial of the # iterations

Let

n

E E X, ‘X =
20 g2 J

| j=m+l

Eﬁ(r),az(” Z A ‘X

| j=m+l




M-Step

S

Lot 1" be the estimated parameters at
52" the initial of the # iterations




Exercise
X ~ N(lua 02)

n =40 (10 data missing)

Estimate 1/, o’ using different initial conditions.

375.081556 243.548664 454.981077
362.275902 382.789939 479.685107
332.612068 374.419161 336.634962
351.383048 337.289831 407.030453
304.823174 418.928822 297.821512
386.438672 364.086502 311.267105
430.079689 343.854855 528.267783
395.317406 371.279406 419.841982
369.029845 439.241736 392.684770
365.343938 338.281616 301.910093



